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Abstract. In this paper we tackle the problem of providing a mobile
robot with the ability to build a map of its environment using data
gathered during navigation. The data correspond to the locations vis-
ited by the robot, obtained through a noisy odometer, and the distances
to obstacles from each location, obtained from a noisy laser sensor. The
map is represented as an occupancy grid. In this paper, we represent the
process using a Graphical Representation based on a statistical struc-
ture resembling a Hidden Markov model. We determine the probability
distributions involved in this Graphical Representation using a Motion
Model, a Perception model, and a set of independent Bernoulli random
variables associated with the cells in the occupancy grid forming the
map. Our formulation of the problem leads naturally to the estimation
of the posterior distribution over the space of possible maps given the
data. We exploit a particular factorization of this distribution that al-
lows us to implement an Importance Sampling algorithm. We show the
results obtained by this algorithm when applied to a data set obtained
by a robot navigating inside an office building type of indoor
environment.

1 Introduction

Robust navigation in natural environments is an essential capability of truly
autonomous mobile robots. Providing robots with this skill, however, has turn to
be a difficult problem. This is particularly true, when robots navigate in unknown
environments where globally accurate positioning systems, such as GPS, are not
available.

In general, robots need a map of their surrounding and the ability to locate
themselves within that map, in order to plan their motion and successfully nav-
igate afterwards. This is why robot mapping and localization is now considered
a fundamental component of autonomous mobile robots [18] [10].

Some approaches consider the problem of mapping under the assumption
that the locations visited by the robot are known [20]. This situation is not
realistic, however, if we consider that sensors of location, such as odometers,
carry error in the location measurement. On the other hand, some approaches
consider the problem of localization, under the assumption that a map of the
environment is available [3] [6] [15]. The actual situation in applications, however,
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Fig.1. Map obtained from Raw Data

is that neither the map nor the locations are known. This has led to research on
the simultaneous localization and mapping (SLAM) problem using sensor data
collected by the robot [13] [21] [19] [10].

As today technology, most of the SLAM approaches consider a robot equipped
with an odometer, that collects information about the robot ego-motion, and
range sensors, such as sonars or laser range finders, that measure the distances
to nearest obstacles. As an example, Figure 1 shows a map drawn from raw
odometer and laser readings collected by a mobile robot. The figure shows how
odometry error accumulates so that, it seems that the robot has visited two
different corridors, instead of just one straight hallway, as it did.

In this paper, we understand SLAM as an estimation problem, where the
data correspond to odometer and range sensor readings collected by the robot
during its trajectory. The goal is to estimate the posterior distribution of the
map and the locations visited by the robot given the data. Odometer readings
correspond to rotation and translation measures of the robot movements. Range
readings correspond to distances to the closest obstacles, with respect to the
robot location. These distances are measured in a set of previously specified
directions.

The map is represented by an occupancy grid [5]. In this context, we under-
stand a map of a given environment as a random matrix, each component of
which is associated to a spatial location in the environment. The set of asso-
ciated locations corresponds to a regular grid and each component of the map
takes either the value 1 or 0 depending on whether the corresponding location
is occupied or not. We express our knowledge of the map through its posterior
distribution given the information provided by the robot.

This paper is organized as follows. Section 2 reviews relevant previous work
on SLAM. Section 3 discusses the details of our probabilistic approach. Section 4
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shows the results of applying our methodology to real data collected by a robot
navigating inside an office building type of indoor environment. Finally, Section
5 presents the conclusions of this work.

2 Previous Work

Although there is an extensive research literature touching on mapping or lo-
calization for mobile robots', the SLAM problem is a relatively newer research
area, where most efforts have been made over the last decade. An important
family of approaches to SLAM is based on versions of the Kalman filter. The pi-
oneering development in this area is the paper by Smith et al. [16] who basically
propose the Hidden Marked Model (HMM) approach widely used today. Smith
et al. presents an application of the Kalman filter to the problem of estimating
topological maps. They assume a fixed number of landmarks in the environment
where these landmarks can be identified by their cartesian coordinates. At a fixed
time instant, the set of landmarks coordinates and the location of the robot are
assumed to be unobservable or latent variables. As in the Kalman filter, the main
assumption is that the posterior distributions of all these variables are Gaussian
and that the observations, given the latent variables, can be described as a linear
function and a white noise term.

These two assumptions are somewhat restrictive. The Gaussian assumption
makes this approach unsuitable for multimodal distributions that arise when
the location of the robot is ambiguous. The linearity assumption is not met
in general, since the relation between odometry and locations involves trigono-
metric functions. The Extended Kalman Filter (EKF) [11] partially handles
non-linearity using a Taylor approximation.

For the non-Gaussian case, Thrun et al. [22] postulate a general approach that
can be used with general distribution functions. Under this approach, however,
computing maximum likelihood estimates is computationally too expensive. In
[20], Thrun presents an application of the Expectation and Maximization algo-
rithm [4] applied to mapping. The map is treated as the parameter to be esti-
mated while the locations are treated as part of a Hidden Marked Model. Thus,
Thrun proposes maximizing the expected log likelihood of the observations and
the locations, given the map.

A more recent successful approach to solving the SLAM problem is the Fast-
SLAM algorithm [13]. This approach applies to topological maps, and is based
on a factorization of the posterior distribution of maps and locations. The models
that determine the process are the ones used in [20].

On the other hand, [9] present an approach that is also based on the de-
scription in [20], but this one applied to occupancy grids. This approach finds
locations iteratively over time. At each point in time, the algorithm estimates
the location visited by the robot as the location that maximizes the probabil-
ity of the current data, given past data and previous location estimates. Next

! See [20] for a good overview of the literature in this area.
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step finds the map, as the map that maximizes the posterior probability of the
estimated locations and the observed data.

Our mapping approach applies to occupancy grid maps of static environ-
ments. Our formulation of the problem is based on the approach by Thrun et al.
[22]. We build a Graphical Representation of that formulation where the loca-
tions are considered unobservable variables determining the observed odometer
readings and, together with the map, determining the observed laser readings.
The probability model of the whole process is determined by Motion and Per-
ception Models and a prior distribution for the map.

As opposed to previous approaches, our approach propose a fully Bayesian
approach where our goal is to estimate the posterior distribution of the map using
simulation. Thus, our approach shows a formal description of the entire process
and develops a Bayesian solution. The fact that it uses more general Motion
Model than the one used by the Kalman Filter approaches, makes it applicable
to a wider set of problems. The advantage of this method is that it does not
provide a single estimate of the map, as the EM based solution, but it produces
multiple maps showing the notion of variability from the expected posterior map.
As for localization, we obtain a simulation of the locations visited by the robot
from their posterior distribution, as an intermediate step while simulating maps.

3 Owur Approach

We describe the SLAM problem in probabilistic terms. We assume that there
are true but unobservable locations visited by the robot and that there are
true but unobservable distances to obstacles from each of those locations. These
locations and distances determine the map of the environment, represented as an
occupancy grid. Odometer and laser readings correspond to the observed values
of true locations and distances to obstacles, respectively. We assume that the
observations are centered at their true counterparts, having random variations
around them?.

Figure 2a) shows a Graphical Representation of the problem where non-
observable variables have been circled for clarity. Our Graphical Representation
was developed originally in [1] and there is a similar, but less specific Graphical
Representation, developed independently in [14]. The Graphical Representation
we develop here has been subsequently adopted in [8].

In Figure 2, U; represents the difference between odometer readings at times
t — 1 and t. Z; represents the location of the robot at time t. 8; represents the
distances from Z; to the closest obstacles in front of the robot at time ¢. It is
important to note that 8; is fully determined by the location of the robot, Z,
and the map, M. Finally, V; represents the laser readings at time t.

Writing U and V' to denote the matrices of odometer reading differences and
laser readings collected from time 1 to T, the SLAM problem can be expressed

2 From now on we omit the word “true” when referring to true locations and true
distances to obstacles.
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Fig. 2. a) Graphical Representation of the problem. b) Translation and rotation com-
ponents of movement from Z;_1 to Z;

as the problem of determining the posterior distribution of M given U and V/,
P(M|U,V).

3.1 Motion and Perception Models

To complete the specification of the process we need to establish the probabilis-
tic models that drive the dependencies, in particular, the so-called Motion and
Perception Models. We assume that, to move from Z;_; to Z;, the robot per-
forms three independent actions: a first rotation , by¢, to face the direction of the
translation, a translation , d;, from Z;_1 to Z;, and a final rotation, by, to face
the orientation of the robot at time t. These motions are shown in Figure 2b).
The elements of U correspond to the observed counterparts of by ¢, ba; and d,
respectively.

Denoting by Z the matrix containing all locations from time 1 to 7', and
Z'1 the vector of true locations up to time ¢ — 1, we can write

P(Z|U) = HP(Zt|U7 A HP(Zt | Ut, Zi—1). (1)
t=1 t=1

The term P(Z; | Uy, Z;—1) in the last product in equation (1) is known as the
Motion Model. Here we assume a Gaussian Motion Model, which determines
that the error of by, bo; and d; with respect to their observed counterparts,
correspond to white noise with variances that are proportional to these latter
quantities.

Let 0 be the matrix of all distances to obstacles up to time T" and P(V | )
be the conditional distribution of laser readings given distances to obstacles.
Assuming that laser beams read distances independently from each other and
also that these laser readings are independent over time, we write
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T N
P(V1]0) = HHP(Vm‘Wm‘), (2)

t=114i=1

where N represents the number of laser beams, and V;; and 0y; represent the laser
reading and distance to the closest obstacle, respectively, in the i-th direction
at time t. The term P(V;;]0y;) is known as the Perception Model. We assume
that it corresponds to a truncated Gaussian distribution with mean 6;; and with
known variance o determined by the accuracy of the laser sensor. The Gaussian
distribution is truncated by 0 at the lower end and the maximum range of the
laser at the other.

Finally, we consider that the prior distribution of 8;; corresponds to a geo-
metric distribution, such that P(;;) = (1 — p)?#~! p, where p corresponds to
the prior proportion of busy cells in the map. In this work we determine this
value empirically by analyzing the data.

3.2 Importance Sampling

In order to find an expression for the posterior distribution of M given U and
V we must integrate over pairs (Z,0), as seen in Figure 2a). Alternatively, we
note that the map M is fully determined by Z and 6, thus we are interested in
the posterior distribution P(Z,0|U, V). In the absence of a closed form for this
expression, we use Importance Sampling (IS) to sample observations from it.

Importance Sampling [7] [17] is a sampling algorithm used to estimate proba-
bility distributions. It has been heavily used in recent years. The main idea in IS
is to represent a distribution by a set of observations and a weight associated to
each observation in the set. In this way, expected values and other features of the
target distribution can be estimated as the weighted average of the observations.

Consider a set of n tuples (z;,w;),j =1,2,...,n, given by random draws ;E;S
from a distribution g and corresponding weights w’s. Liu and Chen [12] define
this set to be properly weighted with respect to the distribution 7 if

> it M j)w;

lim = E . (h(X)),
LSS o (1)
for any integrable function h. This means that if x1,zs,...,x, are a sample

from g, the set of weights w;(z;) = m(x;)/g(x;) properly weights the sample
with respect to 7.

3.3 Sampling from the Posterior Distribution of Maps

Our IS approach relies on the factorization of P(Z,0|U,V) given by
PO\U,V) P(Z|6,U, V). This decomposition suggests sampling 6 from its pos-
terior distribution, P(0|U, V'), first, and sampling Z from P(Z|0,U,V) after-
wards.

In the case of P(O|U,V), we approximate this distribution by the
product of the Perception Model and the geometric prior distribution of 8. Thus,
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according to the model described above, we sample values of #;; from a trun-
cated Gaussian distribution centered at the corresponding laser reading V;; and
standard deviation o, and then we associate to each sample a weight given by
w(ly;) = (1 —p)?~1 p. This set of weights properly weight the set of samples,
with respect to the posterior distribution of 6.

Importance sampling plays, again, a key role when sampling locations from
P(Z|6,U,V). Using the properties of the model described before, we can show
that (see [2] for details)

T
P(Z16,U,V) « [[ P(Zi|Us, Zi1) P(0:|Z,, 2", 0'71). (3)

t=1

Equation (3) shows that, at each point in time, we can sample Z; from the
Motion Model and associate a weight

w(Zy) = P(0:|Z,, 271,61
N
=[Pl 2. 27", 6, (4)

i=1

to this observation. The term P(6;|Z;, Z'*, Ot_l) corresponds to a truncated
geometric distribution that represents the degree of agreement between true
distances to obstacles at time t, 6; , and the fact that the robot is at the sampled
location, Z;, within the map built from Z'~* and 8"

4 Results

In this section we show an application of the algorithm described in previous
section, to a data set obtained in Wean Hall building at Carnegie Mellon Uni-
versity. The data set was collected by a robot equipped with a laser sensor and
an odometer?.

The robot navigated going back and forth along a hallway. In that journey
3354 measurements were taken, each of them consisting in a pair of odometer
reading differences and laser readings. The laser sensor sends beams every degree
spanning an angle of 180°. Thus, there are N = 180 distances recorded for each
laser reading. A map drawn from raw data is shown in Figure 1. The figure shows
how odometry error accumulates so that it seems that the robot has visited two
different corridors, instead of just one, as it did. The smoothness of the depicted
walls, however, suggests that error in laser sensor readings is small, compared to
error in odometer readings.

We sampled distances to obstacles based on the Perception Model, with 6 =
0.02m, and sampled locations afterwards, using IS with sample size n = 100.
Figure 3 shows a path obtained from a set of sampled locations, along with

3 Data is a courtesy of Nicholas Roy.
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Fig. 3. Path of the robot in Raw data (line) and Sampled Path (dotted)

Fig. 4. Average map using the proposed Algorithm

the path obtained from raw odometer readings. The figure shows that sampling
using IS allows the robot to recover from odometry errors. Figure 4 shows the
average map of the sample.

5 Conclusions

This paper adds to the research in Statistics and Probabilistic Robotics, propos-
ing a complete probabilistic representation of the SLAM problem and obtaining
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a full Bayesian solution. In particular, it contributes with a new algorithm to
sample from the posterior distribution of maps. An intermediate step of the al-
gorithm provides observations from the posterior distribution of locations, that
is, we solve the localization problem at the same time.

This paper formalizes the problem of mapping as the problem of learning the
posterior distribution of the map given the data. We work on an expression for
this distribution and show that there is no closed form for it. Thus, we propose
an algorithm based on Importance Sampling for obtaining a sample from the
target posterior distribution.

Important Sampling showed to be a computational efficient way to explore
the posterior distribution of the map. In addition to this, IS provided with an
effective methodology to correct odometry error accumulated over time.

Although we do not have ground truth data to quantify the accuracy of the
algorithm, the average of the resulting map samples closely resembles the real
map of the environment. In the same way, samples from the robot trajectory
resemble the true path followed by the robot.
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